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Abstract. We show that multi-window Gabor frames with windows in 
the Wiener algebra W(L°°,£ ) are Banach frames for all Wiener amal- 
gam spaces. As a byproduct of our results we positively answer an open 
question that was posed by [Krishtal and Okoudjou, Invertibility of the 
Gabor frame operator on the Wiener amalgam space, J. Approx. The- 
ory, 153(2), 2008] and concerns the continuity of the canonical dual of 
a Gabor frame with a continuous generator in the Wiener algebra. The 
proofs are based on a recent version of Wiener's 1// lemma. 



1. Introduction 
A Gabor system is a collection of functions on M. d 
G(g,A) = { Tr(X)g | A € A }, 

where A = aZ d x f3Z d is a lattice, g £ L p (R d ), 1 < p < oo, and the time- 
frequency shifts of g are given by 

vr(A)<7(y) = ir(x, u)g{y) = e 2 ^ g{y - x), y € R d . 

More generally, a multi-window Gabor system is a collection of functions on 

R d 

g(A\...,A n ,g\...,g n ) = {n(\ i )g i \\ i eA i ,l<i<n}, 

where A 1 ,..., A" C R 2d are lattices A* = a(L d x ^Z d and g l ,...,g n 6 
LP(R d ). 

Such a system is called a Gabor frame if it satisfies, 

n 

(1) A\\ff 2 < E E K/^( A V}| 2 < 311/113, / € L\R d ), 

i=l A'eA' 

for some constants A, B > 0. These multi-window Gabor frames are related 
to the notion of superframes considered in [21 [25]. The condition in (Tjj) can 
be suitably modified to hold for / € L p (M. d ) for some p £ [1, oo]. Such a 
system is then called a Gabor p— frame. 
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For the standard case p = 2, the Gabor frame operator Sg : L 2 (R. d ) 
L 2 (R d ), defined by 



s s(f) ■= E E </^WMW> / e l2 (^)> 

i=l A'GA* 

is bounded, positive definite and invertible. Moreover, every function / 6 
L 2 (IR d ) admits the following two expansions: 



(2) 



»=l A'eA* 

n 

= E E </>V(*( a V)MaV- 

i=l A»eA* 



Under additional conditions on the generators gr 1 , the Gabor frame operator 
extends continuously from the Schwartz class S not just to L 2 (M. d ) but to a 
whole host of Banach spaces (cf. Section T2.2I and references therein); we use 
the same notation, Sg, to denote all those extensions. Under more stringent 
conditions Sg remains invertible on these Banach spaces and the expansions 
in ([2|) also extend. In the latter case, a p-frame is usually called a Banach 
frame. When n = 1, for example, if g = g 1 belongs to the Feitchinger algebra 
then a Gabor frame for L 2 (M. d ) is also a Banach frame for all the modulation 
spaces (see [E] and [El Chapters 11-12]). Extension of ([2]) to LP spaces 
was settled in [181 l2Tj [3T] under suitable condition on the generator g. In 
addition, when g belongs to the Wiener algebra, it was shown in [22] that 
the corresponding Gabor frame is a Banach frame for a class of Wiener 
amalgam spaces defined below. We also point out that a special case of the 
results obtained in [22] was considered in [3] and related results appear in 



In all these cases, the extension of Gabor frames from a pure L 2 -theory 
to a class of Banach spaces relies on the generator g of the frame and its 
canonical dual Sg 1 g having the same time-frequency properties. In a sense, 
one usually has to prove that if a Gabor frame for L 2 has a generator in 
a class, then its canonical dual belongs to the same class. Equivalently, 
one must show that the frame operator is continuously invertible on the 
class under consideration. This is exactly a Wiener-type lemma. Recall 
that the Wiener 1// lemma asserts that if / is a periodic function with 
absolutely convergent Fourier series and if / never vanishes, then 1// also 
has an absolutely convergent Fourier series. We refer to [H HI El El El [HI [El 
1201 [241 l26l [27] for some of the relevant extensions. 

Generally, in the case of Wiener amalgam spaces or the LP spaces, it 
is known that Gabor series converge only conditionally and the norm of a 
function / is not determined by the size of its Gabor coefficients. This is 
essentially related to the behavior of Fourier series on L p ([0, l] d ) spaces. We 
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refer to [32] for related results about the pointwise convergence of Gabor 
expansions. 

One of our goals in this paper is to extend the L 2 -theory of multi-window 
Gabor frames to the setting of amalgam spaces. In order to do this, we 
must understand the behavior of the canonical dual frame in this context. 
Indeed, in this multi-window setting the canonical dual frame is no longer 
of Gabor type, rather, it consists of atoms. Nonetheless, we prove that if a 
multi-window Gabor system is generated by windows in the Wiener algebra 
has a frame operator bounded below in some L p (M. d ), p 6 [1, oo), then it is, 
in fact, a Banach frame for all reasonable Wiener amalgam spaces, and its 
canonical dual atoms belong to the same space. Moreover, if the windows 
are also assumed to be continuous on R rf , then the above result holds for 
p = oo as well, and the corresponding dual atoms are also continuous. We 
point out that even when n = 1 and p = 2 this result is new. The question 
about continuity of the dual atoms was posed by [28J. 

The proofs of some of the above results rely mainly on the almost pe- 
riodic non-commutative Wiener's lemma developed in [3]. Other tools are 
furnished by the standard results in the spectral theory of linear operators. 

Our paper is organized as follows. In Section[2]we define the Wiener amal- 
gam spaces and recall their characterization via Gabor frames. In Section [3] 
we present the main technical result of this paper: a spectral invariance 
theorem for a sub-algebra of weighted-shift operators in B{L p {W 1 )). In Sec- 
tion [H we use the result of the previous section to extend the theory of 
multi-window Gabor frames to the class of Wiener amalgam spaces. In par- 
ticular, this last section contains a Wiener-type lemma for multi-window 
Gabor frames. 



Before introducing the Wiener amalgam spaces, we first set the notation 
that will be used throughout the paper. 



Given x,uj € M , the translation and modulation operators act on a func- 
tion / : R d -> C by 



where uj ■ y is the usual dot product. The time- frequency shift associated 
with the point A = (x, ui) £ M. d x M. d is the operator 7r(A) = ir(x, uj) := M^Tx. 

Given two non-negative functions /, g, we write / < g if / < Cg, for some 
constant C > 0. If E is a Banach space, we denote by B(E) the Banach 
algebra of all bounded linear operators on E. 



We use the following normalization of the Fourier transform of a function 
/ : R d -> C: 



2. Amalgam spaces and Gabor expansions 



T x f(y) := f(y - x) 



M^f{y) := e 2 ™-yf(y) 




dx. 
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2.1. Definition and properties of the amalgam spaces. A function 
w : M. d —> (0, +oo) is called a weight if it is continuous and symmetric (i.e. 
w{x) = w(—x)). A weight w is submultiplicative if 

w(x + y) < w(x)w(y), x,y £M. d . 

Prototypical examples are given by the polynomial weights w(x) = (l + |x|) s , 
which are submultiplicative if s > 0. The main results in this article require 
to consider an extra condition on the weights. A weight w is called admissible 
if w(0) = 1, it is submultiplicative and satisfies the Gelfand-Raikov-Shilov 
condition, 

lim w(kx) 1/k = 1, x € R d . 

k—too 

Note that this condition, together with the submultiplicativity, implies that 
w(x) > 1, x € R d . 

Given a submultiplicative weight w, a second weight v : M. d — > (0, +oo) is 
called w-moderate if there exists a constant C v > such that, 

(3) v(x + y) < C v w(x)v(y), x,y£R d . 

For polynomial weights v(x) = (1 + |a;|)*, w(x) = (1 + |x|) s , v is w-moderate 
if \t\ < s. If v is w-moderate, it follows from ([3]) and the symmetry of w 
that 1/v is also w-moderate (with the same constant). 

Let w be a submultiplicative weight and let v be w-moderate. This will 
be the standard assumption in this article. We will keep the weight w fixed 
and consider classes of function spaces related to various weights v. For 
1 < Pi 1 < +oo, we define the Wiener amalgam space W(L P , L%) as the class 
of all measurable functions / : ]R d — >■ C such that, 

with the usual modifications when q = +oo. As with Lebesgue spaces, we 
identity two functions if they coincide almost everywhere. For a study of 
this class of spaces in a much broader context see [HJ El [17] . ^ e on ^ P°i n t 
out that, as a consequence of the assumptions on the weights v and w, it 
can be shown that the partition {[0, l) d J rk:k£ 7j d } in ([4]) can be replaced 
by more general coverings yielding an equivalent norm. 

Weighted amalgam spaces are solid. This means that if / € W(L P ,L%) 
and m G L°°(lR d ), then mf e W{U\L q u ) and 

( 5 ) \\ m f\\w(LP,L q v ) < \\ m \\L^(M. d )\\f\\w{LP,L q v )- 

In addition, using the fact that v is w-moderate, it follows that W(L P ,L%) 
is closed under translations and 

(6) \\ T xf\\ W (LP,Ll) < C«^(^)ll/llw(iP,L?)) 

where C v is the constant in ([3]). 
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The Kothe-dual of W{LP,L%) is the space of all measurable functions 
g : R d -> C such that g • W{U>,Ll) C It is equal to W(L P ', L q '), 

where 1/p + 1/p' = 1/q + 1/V = 1 for all 1 < p, q < oo. In particular, the 
pairing 



( v ) : W{IP,L%) x W(^',Lf, ) -> C, (f,g) = I f(x)g(x)dx, 

' JVL d 

is bounded. The linear functionals arising from integration against functions 
in W(L P ' , Ly v ) determine a topology in W{L p ,Ll) that will be denoted by 

a(W(V,Ll),W(iy,L( /v )). 

2.2. Gabor expansions on amalgam spaces. We now recall the theory 
of Gabor expansions on Wiener amalgam spaces as developed in [161 ttH ETJ 
[22]. Let A = aL d x /3Z rf be a (separable) lattice which will be used to index 
time-frequency shifts. For convenience we assume that a, /3 > 0. We point 
out that the theory depends heavily on the assumption that A is a separable 
lattice aZ d x f3Z d . 

We first recall the definition of the family of sequence spaces corresponding 
to amalgam spaces via Gabor frames. For a weight v and 1 < p,q < +oo we 
define the sequence space Sv ,q (A) in the following way. We let ^^([0, l//3) rf ) 
stand for the image of L p ([0, l/j5) d ) under the discrete Fourier transform. 
More precisely, a sequence c = { c j | j G /3Z d } C C belongs to FL p {]fl, 1/ f3) d ) 
if there exists a (unique) function / E L p ([0, l//3) d ) such that, 



c 



5 = /(i) = /3 d / f(x)e- 2m ^dx, j e 

^[0,l//3) d 



The space J"LP([0,l//3) d ) is given the norm ||c||jr £ , ([0 ,i/^)<') := ll/llif ([0,i//3) d )- 
We now let S?' 9 (A) be the set of all sequences c={ca|AgA} CC such 
that, for each k G aZ rf , the sequence (ckj)j<z/3z d belongs to J 7 L P ([0,1/ f3) d ) 
and 

( V 9 

ll c llsr(A):= U c kj)je0zA\% L p([o,l/m V ^ q ) <+0 °' 

\k£aZ d J 

with the usual modifications when q = oo. When 1 < p < +oo this is simply, 

== f E I E ^ 2 *L (|0 , 1/OT »« a ) < +■»■ 

and the usual modifications hold for q = oo. 

The following Theorem from |22j introduces the analysis and synthesis 
operators, clarifies their precise meaning and gives their mapping properties. 
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Theorem 1. [22, Theorem 3.2]. Let w be a submultiplicative weight, v a w- 
moderate weight, g € VK(L°°,L^) ; and 1 < p,q < +oo. Then the following 
properties hold. 

(a) The analysis (coefficient) operator, 

C gA : W(V,Ll) S™(A), C g , A (f) := ((/, vr(A) 5 )) AeA 

is bounded with a bound that only depends on a,/3, ||fl'||w(i,<»,i, 1 )> an d 
the constant C v in ([3]). 

(b) Let c £ Sv ,q (A.) and nik € -^([0, 1/ (3) d ) be the unique functions such 
that m~k(j) = Ckj. Then the series 

Rg,\( c ) := E m k T k9, 

k£aZ d 

converges unconditionally in the o~(W(L p , W(L P , Ly v )) -topology 
and, moreover, unconditionally in the norm topology ofW(L p ,Ll) 
ifp,q < oo. 

(c) The synthesis (reconstruction) operator R g ,\ : 5?' 9 (A) — >■ W(L p ,Ll) 
is bounded with a bound that depends only on a, (3, WdWwiL 00 an d 
the constant C v in (J3]). 

The definition of the operator R g ,\ is rather abstract. As shown in [16J, 
the convergence can be made explicit by means of a summability method. 

For g e W(L°°, L^), a sequence c € 5«' 9 (A), and N, M > let us consider 
the partial sums 

i?7V,M(c)(x) := 2 E ^^(x-fc). 

In the conditions "Ife^ < iV, (jj^ < M" above we consider elements (k,j) G 
A = x /3Z rf ; it is important that we use the max norm. We also consider 
the regularized partial sums, 

o-n,m(c)(x) := ^2 ^2 r j,MCk,je 2mjx g(x - k), 

l*L<«* |iL</3M 
where the regularizing weights are given by, 

(7) r *- ! =n(i-^)- 

We then have the following convergence result |16t [22] . 

Theorem 2. Lei w be a submultiplicative weight, v a w-moderate weight, 
g € W^L 00 ^^), and 1 < p, q < +oo. Then the following properties hold. 

(a) If 1 < p < oo and q < oo, then 

Rn,m(c) — > R 9 ,a(c), as N,M — > oo, 
in the norm ofW(L p ,Ll). 
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(b) For each c G S?' 9 (A), 

&N,m(c) — > _R Sj a(c), asN,M^-oo, 

in the a(W (LP , L%) ,W (LP , Ly v )) -topology and also in the norm of 
W(LP,L q v ) if p,q< +00. 

Remark 1. ,4 more refined convergence statement, with more general summa- 
bility methods, can be found in [16] . We will only need the norm and weak 
convergence of Gabor expansions but we point out that the problem of point- 
wise summability has also been extensively studied |16[ [T8t l2T| [22| [32] . 

Proof. Part (a) is proved in [221 Proposition 4.6]. 

The case p < +00 of (b) is proved in |16[ Theorem 4], where only un- 
weighted amalgam spaces are considered, but the same proof extends with 
trivial modifications to the weighted case. The case p = +00 is also treated 
in [16] but in a different direction, establishing norm convergence under ad- 
ditional assumptions on the sequence c. Hence, we need to sketch a proof 
of (b) when p = +00. 

Let c G S v °°' 9 (A). According to Theorem [TJ R gj \(c) is given by 

(8) Rg,A( c ) = ^2 m k T kg, 

k€aZ d 

where m k G L°°([0, l//3) d ) and ||c|L+ 00, q — (ll^/c ||oo)/e • Let us also writ6 

O v II II c v 

o-n,m(c) := a M (m k )T k g, 

\k\ <aN 

I I OO — 

where o~M(vnk)(x) = E r j.MCk.je 2m: ' x are the Fejer means of m k . 

1 a' 

Let / G W(L , Ly v ), we must show that (R gt \(c) — o~n,m(c), f) — > 0. 
Let us write / = £ j6QZ d fj and g = E,eaZ<* where fj = fX[o,a)d+j and 
gj = gX{o, a ) d +j- Hence, for any subset L C aZ d , 

(9) (^2m k T k g,f\ ^2 ( m k T kgj, fj>) 

\fceL / keLj t j'£aZ d 

= ^2^2 ( m k T kgj, fj+k) ■ 
k&Lj£aZ d 

In addition, 

( 10 ) ^2\( m k T kgj,fj+k)\ 

j£aZ d k€L 

Y \\9j\\oow(j)\\m k \\ 00 v(k)\\f j+k \\ 1 (l/v)(j + k) 
~ h\\w(L™,Ll)\\c\\ s +°°M\\ w{L i tL f y 
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Hence, given e > 0, there exists Nq > and a finite set J C aL d such that 



(11) 



(R gtA (c),f)- ^2 ^2(m k T k g,f) 

\k\<aN j&J 



< e. 



Similarly, using the fact ||o"M(^fc)||oo ^ H^fclloo independently of M, it 
follows that Nq can be chosen so that, in addition, 



(12) 



o~n,m{c) 



^{ a Mim k )T k g,f) 

\k\<aN je.J 

for all M > and N > No. Finally, for each j, k, 
((m k - a M (mk))T k gj, f j+k ) 



x m k 



0, 



&M{mk),T k gjf j+k/ 

as M — > +oo because T k gjfj +k S L 1 and the Fejer means of an L°° function 
converge in the weak*-topology. This, together with the estimates in (|lip 
and (fl"2j) . yields the desired conclusion. □ 



We now present a representation of Gabor frame operators that will be 
essential for the results to come. For proofs see [31 J or [22, Theorem, 4.2 
and Lemma 5.2] for the weighted version. 

Theorem 3. Let w be a submultiplicative weight, v a w-moderate weight, 
g,h G VF(L°°,L^,) and 1 < p, q < +oo. Then the operator Rh,\Cg t A '■ 
W{L"P,L q v ) -> W{D>,L q v ) can be written as 

-d \ ^ 



Rh,hCg y Xf = fi~ 



(13) 

where, 
(14) 

In addition, the functions Gj : 



s_ G,T L f, 



Gj(x) := g(x — j / f3 — ak)h(x — ak), x£ 



C satisfy 



(15) 



E 



W(L°°,Ll) 



< +00. 



As a consequence, the series in f)13|) converges absolutely in the norm of 
W(LP,L q v ). 

3. The algebra of L°°-weighted shifts 

3.1. L°°- weighted shifts. Guided by (|13p . we will now introduce a Banach 
*-algebra of operators on function spaces that will be the key technical object 
of the article. For an admissible weight w we let A w be the set of all families 
M = (m x ) xeM d € ^(M d ,L oc (]R d )) with the standard Banach space norm 



(16) 



An 



E 



m 



x\\l° 



w(x) < +oo. 
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The algebra structure and the involution on A w , however, will be non- 
standard. They will come from the identification of A w with the class of 
operators on function spaces of the form 

(17) f^Y,m x f{--x). 

x£R d 

Observe that due to (fTHl) the family M. = (m x ) xeR d has countable support 
and also that the operator in ()17|) is well-defined and bounded on all L p (M. d ), 
p G [1, oo] (recall that the admissibility of w implies that w > 1). 

With a slight abuse of notation, given a function m G L°°(R rf ) we also 
denote by m the multiplication operator / i— >■ mf. It is then convenient to 
write M. G A w as 

x£R d 

and endow .A™ with the product and involution inherited from B(L 2 (M. d )). 
More precisely, the product on A w is given by 

y^,ni x T x Y nxTx ) = ^2\ yZ m y nx -y(' ~ y) Tx > 
\ x / \ x / x V y / 

and the involution - by 

\ X J X X 

It is straightforward to verify that with this structure A w is, indeed, 
a Banach *-algebra which embeds continuously into B(L 2 (R d )). We shall 
establish a number of other continuity properties of the operators defined 
by families in A w in Proposition [1] below. These will be useful in dealing 
with Gabor expansions on amalgam spaces. 

Before that, we mention that the identification of families in Aw and 
operators on B{L p {W i )) given by the operator in (|17|) is one-to-one; this 
follows from the characterization of A w in the following subsection and can 
easily be proved directly. Because of this we shall no longer distinguish 
between the families in Aw and operators generated by them. We will write 
Aw C B(L p (M. d )) if we need to highlight that we treat members of Aw as 
operators on L p (R d ). We also point out that for m G L°°(lR' i ) and x, w G R d 

(18) M u mT x M^j = <?™- x mT x . 

Proposition 1. Let 1 < p,q < +oo and let v be a w-moderate weight. Then 
the following statements hold. 

(a) Aw ^ B(W(L P , Ll)). More precisely, every M = YL x m ^^ G Aw 
defines a bounded operator on W{L P ,L%) given by the formula 

M(f) :=J2mxf(--x). 
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The series defining M : W(L P ,L%) — > W(L P ,L%) converges abso- 
lutely in the norm ofW(L p ,Ll) and \\M\\ B (w( L p tL ^ < C v \\M\\a w , 
where C v is the constant in ([3]). 

(b) For every M G A w , f G W{L p ,L q v ) and g G W{L p \l( /v ), 

(M(f),g) = (f,M*(g)). 

(c) For every M G A w , the operator M : W(L P ,L%) W(L p ,L q v ) is 
continuous in the a(W(L p , Ll),W(L p , Ly v )) -topology. 

Proof. Part (a) follows immediately from ([5]) and ([6j). Part (b) follows from 
the fact the involution in A w coincides with taking adjoint. The interchange 
of summation and integration is justified by the absolute convergence in part 
(a). Part (c) follows immediately from (b). □ 

3.2. Spectral invariance. In this section we shall exhibit the main tech- 
nical result of the article. We remark that similar and more general results 
appear in [8j [29]. We, however, feel obliged to present a proof here be- 
cause the rest of our paper is based on this result. The key ingredient in 
the proof is the identification of the algebra A w with a class of almost pe- 
riodic elements associated with a certain group representation. We give a 
brief account of the theory as required for our purposes. For a more general 
presentation see [3] and references therein. 

For y G R d and M G B(L p (R d )), p G [l,oo], let p(y)M := M y MM_ y . 
Explicitly, 

p(y)Mf(x) = e 2 ™y- x (Mg)(x) , g(x) = e" 2 ™^/^) 

The map p : R d — > B (B (L p defines an isometric representation of W 1 
on the algebra B(L p (M. )). This means that p is a representation of M rf on 
the Banach space B(L p (R d )) and, in addition, for each y G R d , p(y) is an 
algebra automorphism and an isometry. 

A continuous map Y : M. d — > B(L p (W d )) is almost-periodic in the sense of 
Bohr if for every e > there is a compact K = K £ C M d such that for all 
x£R d 

(x + K)n{yeR d \ \\Y(g + y) - Y{g)\\ < e, Vg G R d } ? 

Then Y extends uniquely to a continuous map of the Bohr compactification 
l¥ c of R d , also denoted by Y. Thus, now Y : R d -> B(L p (R d )), where 
R d represents the topological dual group (i.e. the group of characters) of 
R d when R d is endowed with the discrete topology. The normalized Haar 
measure on R d is denoted by pi(dy). 

For each M G B(L p (R d )), we consider the map, 

(19) M : R d ->■ B(L p (R d )), M{y) := p{y)M = M y MM_ y . 

An operator M G B(L p (R d )) is said to be p- almost periodic if the map A4 
is continuous and almost-periodic in the sense of Bohr. For every /j-almost 
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periodic operator Ai, the function A4 admits a B(L p (K. d ))-valued Fourier 
series, 

(20) M(y) ~ Yl e 2my x C x (M), (y G R d ). 

x£R d 

The coefficients (^(.M) G -B(L p (R d )) in ((2D]) are uniquely determined by .M 
via 

(21) 

C,(M) = / A?(y)e- 2 ^/i(^) = lim / _M(y) e - 2 ^dy 

Jfirf T^oo (2T) a J[- T ,T]d 

and, therefore, satisfy 

(22) P^C^M) = e 2m y x C x (M). 

Hence, they are eigenvectors of p (see [I] for details). 

Within the class of p-almost periodic operators we consider AP£,(p), 
the subclass of those operators for which the Fourier series in (|20p is w- 
summable, where w is an admissible weight. More precisely, a p-almost 
periodic operator M. belongs to APw{p) if its Fourier coefficients with re- 
spect to p satisfy 

(23) \\M\\ AP P {p) := ^2 \\C x (M)\\ B{LP{Rd)) w(x) < +oo. 

By the submultiplicativity of w we know that w > 1, so for operators in 
APw(p) the series in (|20p converges absolutely in the norm of B(L p (M. d )) to 
M(y): 

(24) M{y) = e 2niy - x C x (M), y G R d , 

xeR d 

where each C x G B(L p (R d )) satisfies (f2Tj) and, hence, ([22]) . In particular, 
for y = 0, it follows that each .M G APw(p) can be written as 

(25) = E C '^- M )- 

Conversely, if A4 is given by (|25p . with the coefficients C x satisfying (|23p 
and (1221) . it follows from the theory of almost-periodic series that M G 
ApV(p) and C x satisfy (pTi). 

Theorem 3.2 from [4] establishes the spectral invariance of APw(p) 
B(L p (M. d )), p G [1, oo] (the result there applies to a more general context). 
Our goal here is to establish connection between A w and AP^(p) and prove 
a spectral invariance result for Ayj . 

To achieve this goal we first characterize the eigenvectors C x of the rep- 
resentation p. 
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Lemma 1. For any 1 < p < oo and any m G L°°(R d ) and x G M. d , C x = 
mT x is an eigenvector of p : R d — > B(L p (M. d )). For 1 < p < oo i/iese are t/ie 
onZy eigenvectors. 

Proof. If C x = mr x , then, according to (fl"8j) . it satisfies (|23l) . 

The converse works only for 1 < p < oo. Suppose that C x G B(L p (M. d )) 
satisfies (|23"j) . Using (fT8j) once again we have, 

p(y){C x T- x ) = ( 2 : "' 'Y -'" 'V .,. = C,T_,. 

It follows that C X T_ X commutes with every modulation M y . Hence, C X T_ X 
must be a multiplication operator m, so C x = mT x . □ 

For p = oo there are eigenvectors of p which are not of the form mT x . 
An example of such an eigenvector is given in |29l Section 5.1.11]. Hence, 
one would need additional conditions to conclude that C x = mT x for some 
m G L°°(R d ). 

From the discussion above, APw(p) consists of all the operators AA = 
C x , with C x satisfying (|23|) and (f22l) . In addition, by the previous 

x£R d 

lemma, for 1 < p < oo an operator C x satisfies (|22p if and only if it is 
of the form C x = mT x , for some function m G L°°(M. d ). In this case, 
l|Cz||.B(L 2 (R d )) = Halloo and, thus, (p3|) reduces to (fT6j) , Hence we obtained 

Proposition 2. For p G [1, oo) £/ie cZass C B(L p (M. d )) coincides with 
APw(p), the class of p- almost periodic elements, having w-summable Fourier 
coefficients. 

For p = oo, the two classes are different. Nevertheless, the results we have 
obtained so far are sufficient to prove our main technical result. 

Theorem 4. Let w be an admissible weight. Then, the embedding A w 
B(L p (M. d )), p G [1, oo] is spectral. In other words, if M. G A w defines 
an invertible operator *^2x m xT x G B(L p (M. d )) for some p G [1, oo], then 
M' 1 G A w . 

Proof. For 1 < p < oo the result follows from Proposition [2] and [4j Theorem 
3.2]. This last result states that APw(p) is spectral. 

For p = oo we follow a different path. Given an operator 

M = m * T * ^ Aw C 5(L°°(R d )) 

x£R d 

with J2x€R d w ( x )\\ m x\\L°°(R d ) < °°) we consider the operator 

M = Y, T x (m. x )T x = Y m -A- ~ x)T x G A w C B(L 1 (R d )), 

x€R d x<ER d 

which is well defined since \\T x (m_ x )\\ Lxi ( R dj = \\m- x \\ L00 ndy By direct 
computation, the transpose (Banach adjoint) of J\f : L 1 (M d ) — > L 1 (M d ) is 
precisely M : L°°(M. d ) -> L°°(R d ). Thus, M = M' and by pi Theorem 3, 
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Chapter 20] it follows that M is invertible when M is invertible. Now, by 
spectrality of Aw in B(L 1 (M d )) (as obtained earlier) and [301 Theorem 8(h), 
Chapter 15], we obtain that M^ 1 = (M^ 1 )' G A w , that is M^ 1 = Yl n ^ 

xeR d 

for some bounded functions n x such that Yl w ( x )\\ T ht\\L oo QSL d ) < 00 • ^ 

Remark 2. In [28] too o/ms used a special case of Theorem^for p-periodic 
(rather than p-almost periodic) operators in B(L 2 (M. d )). In [28, Example 
2.1], however, we neglected to mention this restriction and erroneously im- 
plied that all of the operators in B(L 2 (W d )) were p-periodic. 

We end this section by defining Aw )C , an important closed Banach *- 
subalgebra of Aw, and providing its intrinsic characterization. We let 



(26) Aw,c = \ M = m xT x G A w | all m x are continuous, x G 



Theorem 5. Let w be an admissible weight. Then, the embedding A W)C ^ 
B{L p {M. d )), p G [l,oo] is spectral. 

Remark 3. In general Banach algebras the spectrum of an element is not 
invariant when passing to a closed subalgebra. Usually additional hypotheses 
are required to obtain that the inverse remains in the subalgebra. Here the 
situation is different because A w can be realized as an algebra of bounded 
operators on a Hilbert space. The statement follows from a lemma due to 
Hulanicki as stated, for instance, in [23j Lemma 3]. We will give a direct 
proof adapted to our setting. 

Proof. We need to prove that if M. G A w>c defines a bounded invertible 
operator in B(L p (R d )) for some 1 < p < oo, then M.^ 1 G A w , c - Since A w 
is spectral in B(L p (M d )) by Theorem Hit follows that M^ 1 G A w and M 
defines also a bounded invertible operator on B(L 2 (M. d )). In particular, we 
can write 

M' 1 = (M*M)- 1 M* 

where M* is the adjoint of M. Due to invertibility, it follows that A < 
A4*A4 < B in the sense of quadratic forms, for some positive real numbers 
< A < B < oo. Then one can check straightforwardly that 

-l 

(M*M)- l = -^— I-(I--^—M*M) 
y ' A + B I y A + B ' 

2 ^ / 2 



A + B 

n>0 



where the series converges in B(L 2 (R )) norm. Using the equality of the 
spectral radii, we see that the series converges in A w norm as well. Since 
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each term is in Aw )C and A WjC is closed, it follows that the limit belongs to 
A WjC - Thus, M^ 1 G Ao,c as desired. 

We remark that in the proof of Theorem [7] below we use a shorter argu- 
ment which could also be applied to see that (M.*^)^ 1 G A w . □ 

Next we identify operators M. G AP^(p) which are actually in A WtC . 
To state these necessary and sufficient conditions we need the following 
definition. 

Definition 1. A bounded sequence of functions {f n : n G N} C L 1 (lR a! ) is 
called a bounded approximate identity, or, simply, b. a. i. if the following 
conditions hold: 

(i) / n (0) = 1 for all n G N; 

(ii) supp/n is compact; 

(iii) lim^ocll/n * / - f\\ L i m = for all f G L 1 ^). 

Existence of such b. a. i. in L 1 (M d ) is a well-known fact. Given / G -L 1 (M d ), 
we denote by T{f) the convolution operator with kernel /, which is bounded 
on all L p (R d ), p G [l,oo]. 

Theorem 6. Assume Ai G AP^(p) and the following two conditions hold 
for some b. a. i. (/„) in L 1 (R d ): 

(27) lim \\(f n M - MfnMov = for all h G L°°(lR d ); 

n— >oo 

(28) lim \\{T(f n )M - MT(f n ))h \\oo = for all h G L%>(R d ), 
where Lg° is the set of all functions in L°° that vanish at infinity, i.e. 

Lg° = {/ G L°°(R d ) | Ve > 3K = K £ compact s.t. < e, Vx £ K}. 

Then M G A w , c C B(L°°(R d )). 

Conversely, if M G A W)C then conditions (127p and (I28p are satisfied. 

Proof. Observe that by ()2ip the Fourier coefficients C x of A4 and the opera- 
tors C X T_ X satisfy conditions (|27j) and f)28|) whenever the operator .M does. 
Hence, we only need to establish that every M G B{L co {R d ))) that satisfies 
([271) . (f28l) and commutes with all modulations is, in fact, an operator of 
multiplication by a bounded continuous function m (cf. the proof of Lemma 
[Vj. Obviously, this function m G L°°(M d ) has to be given by m = Me, 
e = 1, and we shall see below that under our assumptions this is indeed a 
continuous function. 

Let ho G Firstly, observe that (|27|) implies 

(29) 7W/i = lim Mf n h = lim / n M/i G LT . 

n— >oo n— »oo 

Secondly, we show that .M</>o/io = 0o-M^o for any function 0o G Co - the 
space of continuous functions vanishing at infinity. Clearly, it is enough 
to consider (po in the dense subset of Cq consisting of those functions with 
compact support and Fourier transform in L . Since ho G L^, the functions 
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s i — y M s ho,s t — y M s J\Ah§ : M. d — >• L°° are continuous (the second function 
is continuous because of (|29|) ). Integrating the equalities (po(s)M s A4ho = 
(f>o(s)MM s h , s E M d , we obtain 

M4>oh = / (t>o(s)MM s h ds = / (f)o(s)M s Mh ds = (j)oMh . 

JR d JR d 

As a consequence, we deduce that Aicfro = m4>o f° r an Y 4>o E Co- 

Next, we use (f28|) to show that A40O € Co for any € Co and, hence, 
m € C. This follows from 

lim T(/ n )M0 o = lim MT(/ n )0 o = Wo, </>o E C . 

n— >oo n— )-oo 

Now, we can use (|28j) to extend the desired equality to L^. This follows 
from 

lim T(f n )(M - m)h = lim (M - m)T(f n )h = 0, ho E Lg°. 

Indeed, the above equalities imply T(f )(A4 — m)liQ = for all f & L , 
ho E Lo°, and, hence, Al/io = m-/io for all ho E -Lq°. 

Finally, we use (|27p in a similar way to extend the equality to all of 
L°°(R d ). We have 

lim fJM - m)h = lim (M - m)f n h = 0, h E L°°(R d ), 

and we conclude M=mG £(L°°(R d )). 

The converse part of the theorem follows by direct computations. □ 

Remark 4. We remark that M = ^2 x m x T x £ A w C B(L°°(R d )) always 
satisfies (|27p . The operator satisfies (|28p 2/ and on/y if a// functions m x are 
continuous. We refer to |10t Section 5] for other conditions of this kind. 

3.3. Corollaries of spectral invariance. Let us denote by a p {Ai) and 
a_A w {M) the spectra of the operator Ai E A w in the algebras B(L p (R d )), 
p E [l,oo], and A w , respectively. 

Corollary 1. Consider M = Y J x m x T x E Aw- Then a p {M) = a^ w {M) 
for all p E [1, 00]. If, in addition, all Af E A WfC then a p {M) = aA w (M) = 

We conclude the section with the following very important result. 

Theorem 7. Assume that Ai E A w satisfies Ai* = Ai = Yl x m ^x <ind 
A r \\f\\r < \\Mf\\ r for some A r > and all f € L r (R d ) for some r € [l,oo]. 
Then M~ x E A w . 

Moreover, suppose that E C W(L p ,Ll), 1 < p,q < +00, is a closed 
subspace (in the norm ofW(LP, L%) ) such that ME C E. Then Mr l E C E 
and, as a consequence, AiE = E. 

Proof. From Corollary Q] we deduce that a_A w (Ai) = cr r (M) = o"2(Al) C R 
since Ai E B(L 2 (R d )) is self-adjoint. Recall that in Banach algebras every 
boundary point of the spectrum belongs to the approximative spectrum. 
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The boundedness below condition, however, implies that does not belong 
to the approximative spectrum of M G B(L r (W 1 )). Hence, a r {M) and, 
by Theorem HI M~ l G A w . 

To prove the second part, let A W {E) be the subalgebra of A w formed by 
all those operators S such that SE C E. Since E is closed in W(L p ,L q ! ) 
and A w B(W(L P , L%)) by Proposition [Q it follows that A W (E) is a 
closed subalgebra of A w (we do not claim that it is closed under the in- 
volution). From the first part of the proof it follows that the set C \ 
a Aw (A4) is connected. Consequently, (see for example [12], Theorem VII 
5-4]), a Aw{E) {M) = a Aw {M). Finally, £ a Aw {M) = a Aw(E) {M) which 
proves that M.^ 1 G A W (E), as desired. □ 

4. Dual Gabor frames on amalgam spaces 

4.1. Multi- window Gabor frames. Let A = A 1 x . . . x A" be the Carte- 
sian product of separable lattices A* = a{L d x (3iZ d and let g 1 , . . . , g n G 
VF(L°°,L^). We consider the (multi-window) Gabor system 

g = { := Tr(\ i )g i | A* G A*, 1 < i < n }. 

We consider the system Q as an indexed set, hence Q might contain repeated 
elements. The frame operator of the system Q is given by, 

= ^ 1 ,A 1 + • • • Sg n ,A n i 
where S g i^i = Rgi^Cgi ^i (see Section l2T2j) . For 1 < p, q < +oo and a im- 
moderate weight v, we define the space S% ,q (A) := 5^' <? (A 1 ) x . . . x S p , ,q (A n ) 
endowed with the norm, 

n 

\\c=(c 1 ,...,c n )\\ S P,z {A) := ^||c l || 5r(Al) . 

i=l 

The analysis map is W{D>,L q ) 3 f ^ Cg(f) := (C s i, A i(/))l<i<n G S?' 9 (A), 
while the synthesis map is S%' 9 9ch Rg(c) := J27=i Rg^k^ ^ £ W(L P , L%). 
With these definitions, the boundedness results in Theorem [1] extend imme- 
diately to the multi-window case. The frame expansions are however more 
complicated since the dual system of a frame of the form of Q may not be a 
multi-window Gabor frame. We now investigate this matter. 

4.2. Invertibility of the frame operator and expansions. 

Theorem 8. Let w be an admissible weight, g g n G PF(L°°,L^) and 
A = A 1 x ... x A", with A* = aiL d x ji{L d separable lattices. Suppose that 
the Gabor system 

g = {g{ i := tt(AV |A ! GA ! ,l<i<n}, 

is such that its frame operator Sg is bounded below in some L r (M. d ) for some 
r G [1, oo], i.e. 

MfWr < \\Sgf\\r, A > 0, for all f G L r (R d ). 
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Then the frame operator Sg is invertible on W{L p ,Ll) for all 1 < p,q < 
+00 and every w-moderate weight v. Moreover, the inverse operator Sg^ 1 : 
W{U\L q v ) W{U\L q v ) is continuous both in a{W{L p , L q v ),W{LP' , l( /v )) 
and the norm topologies. 

Proof. For each 1 < i < n, the frame operator S g i ^ = R g i ^.C g i ^ belongs 
to the algebra A w as a consequence of the Walnut representation in Theorem 
El Hence, Sg = S g i^ + ■■■S g n t ^ n £ A w . Since Sg is bounded below in 
L r (R d ), Theorem [7] implies that Sg -1 £ A w . The conclusion now follows 
from Proposition [TJ □ 

We now derive the corresponding Gabor expansions. 

Theorem 9. Under the conditions of Theorem^ define the dual atoms by 
g l yi := Sg~ 1 (g l xi ). Let 1 < p, q < +00 and v be a w-moderate weight. Then 
the following expansions hold. 

(a) For every f £ W(LP,L q v ), 

n 

<=1 \k\ x <N \j\ x <M 
n 

<=l|fcL<^liL<M 

where the regularizing weights rp-j m are given in ([7]) and i/ie series 
converge in the a{W{LP, L%), W(L P , L\,)) -topology. For p, q < +00 

t/ie series also converge in the norm of W {L p , Li). 

(b) If 1 < p < +00 and q < +00, for every f € W{L P , Li), 

n 

*=l|fc|oo<^UIoo<^ 
n 

where the series converge in the in the norm of W {LP, Li). 

Remark 5. A more refined convergence statement, including more sophis- 
ticated summability methods can be obtained using the results in [IE] . 

Proof. Theorem [2] implies that for all / £ W{L p ,Ll), 

n 

(30) s g {f) = N te* go J2 E E r ^M(/,4 ifcjfe -))4 iMd) , 

with the kind of convergence required in (a). Since Sg^ 1 £ A w , Proposition!]] 
implies that Sg -1 : W{L P , Li) — > W{L P , L%) is continuous both in the norm 
and a{W{L p , Li), W{L P ' , L q , ))-topology. Consequently, we can apply Sg^ 1 
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to both sides of (|30|) to obtain the first expansion in (a). The second one 
follows by applying (j30j) to the function Sg~ 1 (f) and using Proposition Q] to 

get, 

The statement in (b) follows similarly, this time using the corresponding 
statement in Theorem [2j □ 

4.3. Continuity of dual generators. We now apply Theorem [7] to Gabor 
expansions. 

Theorem 10. In the conditions of Theorem El let 1 < p, q < +oo and 

let v be a w-moderate weight. Let E C W(L V ,L%) be a closed subspace 
(in the norm ofW(L p ,L%)) such that SgE C E. Suppose that the atoms 
g 1 , . . . , g n € E. Then the dual atoms, g\ t = Sg~ 1 (g\ i ) £ E. 

Proof. As seen in the proof of Theorem Sg £ A w . Hence, the conclusion 
follows from Theorem [3 □ 

As an application of Theorem [10] we obtain the following corollary, which 
was one of our main motivations. The case n = 1 was an open problem in 

ESI. 



Corollary 2. In the conditions of Theorem^ if all the atoms g > g n 
are continuous functions, so are all the dual atoms <?L = Sg -1 (g\i) ■ 

Proof. We apply Theorem [TU1 to the subspace W{Cq, L^) formed by the 
functions of W(L°°, L^) that are continuous. To this end we need to observe 
that SgW(Co, L 1 ^) C W(Co, L^). Since Sg = S g i ^i + ■■■S g n t / i n, it suffices 
to show that each S g i ^i maps W(Cq, L^) into W(Co, L^). 

Let / £ W(Cq, L^). The Walnut representation of S g i ^i in Theorem [3] 
gives Sgijyi^f) = j3~ d Y^j G % jTjip.f with absolute convergence in the norm 
of V7(-L°°,L^). Hence it suffices to observe that each of the functions Gj is 
continuous. According to Theorem [3] these are given by 

G j( x ) := gK x ~ j/Pi - ctik)g l (x - oak). 

k&L d 

Since the function g % is continuous it suffices to note that in the last series 
the convergence is locally uniform. This is an easy consequence of the fact 
that llff'HwXfcoo.Li,) < +°°- 1=1 
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